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PYTHAGOREAN REPRESENTATIONS OF THOMPSON’S GROUPS.
ARNAUD BROTHIER AND VAUGHAN F. R. JONES
Abstract. We introduce the Pythagorean C*-algebras and use the category/functor
method to construct unitary representations of Thompson’s groups from representations
of them. We calculate several examples.
1. Introduction
Let F and T be the Thompson’s groups as usual-see [CFP96], and Fn and Tn their n-ary
versions for n ≥ 2. (So that F = F2, T = T2.) In [Jon17] an action of Fn arose from a
functor from the category Fn of n−ary planar forests, whose objects are natural numbers
and whose morphisms are planar forests, to another category C. Forests decorated with
cyclic permutations of their leaves give categories AFn of affine n-ary planar forests for
which functors from AFn give actions of Tn.
The representations studied in [Jon18] came from functors Φ to a tensor category C
with
Φ(n) = ⊗nV
for some object V ∈ C and an element R ∈ Mor(V, V ⊗ V ) which generates the action of
forests by letting
Φ(f) = (⊗i−1 id)⊗R⊗ (⊗n−i id)
where f is the binary planar forest with n roots and n + 1 leaves and a tree connecting
the ith root to two leaves.
A simpler situation (in some sense the “classical” version where the one just described is
the “quantum” version) is where C = Hilb is the category of Hilbert spaces (with isometries
as morphisms) and
Φ(n) = ⊕nH, Φ(f) = (⊕i−1 id)⊕R⊕ (⊕n−i id),
where H ∈ Hilb, R ∈ Mor(H,H ⊕ H), and f is as above. Then R is necessarily of the
form A⊕B with
|A|2 + |B|2 = id, where |A| :=
√
A∗A.
For the Thompson’s groups Fn and Tn we would use an R of the form ⊕ni=1Ai where∑n
i=1 |Ai|2 = id so we call the representations on the direct limit Hilbert space H the
Pythagorean representations of the Thompson’s groups and we define the corresponding
universal C∗-algebra.
Definition 1.1. Let Pn be the universal C∗-algebra generated A1, A2, · · · , An subject to
the relation
A∗1A1 + A
∗
2A2 + · · ·+ A∗nAn = id .
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Note that there is indeed a universal C∗-norm defining Pn since in any *-representation
on Hilbert space the norms of all the Ai are at most 1. The C∗-algebra Pn has many
quotients including continuous functions on the projective spaceCP n−1, the Cuntz algebra
On and the full free group algebra for the free group on n generators.
Cyclic groups act on direct sums of a fixed Hilbert space in a way compatible with Φ
just defined so one also obtains unitary representations of Tn from the same data.
In this paper, we will investigate these representations of F and T for some choices of
A and B.
Acknowledgement. We are grateful to Anna Marie Bohmann, Georges Skandalis and
Ruy Exel for valuable comments and discussions. We thank the New Zealand Mathematics
Research Institute for its generous support.
2. Definitions
A binary planar forest is the isotopy class of a disjoint union of binary trees embedded
in R2 all of whose roots lie on (R, 0) and all of whose leaves lie on (R, 1). The isotopies
are supported in the strip (R, [0, 1]). Binary planar forests form a category in the obvious
way with objects being N whose elements are identified with isotopy classes of sets of
points on a line and whose morphisms are the forests which can be composed by stacking
a forest in (R, [0, 1]) on top of another, lining up the leaves of the one on the bottom
with the roots of the other by isotopy then rescaling the y axis to return to a forest in
(R, [0, 1]). The structure is of course actually combinatorial but it is very useful to think
of it in the way we have described.
We will call this category F .
Definition 2.1. Fix n ∈ N. For each i = 1, 2, · · · , n let fi,n (or simply fi if the context
is clear) be the planar binary forest with n roots and n + 1 leaves consisting of straight
lines joining (k, 0) to (k, 1) for 1 ≤ k ≤ i − 1 and (k, 0) to (k + 1, 1) for i + 1 ≤ k ≤ n,
and a single binary tree with root (i, 0) and leaves (i, 1) and (i+ 1, 1) thus:
f2,4 = .
Note that any element of F is in an essentially unique way a composition of morphisms
fi, the only relation being Φ(fj)Φ(fi) = Φ(fi)Φ(fj−1) for i < j − 1. Call e the unique
morphism in F from 1 to 1. The set of morphisms from 1 to any number n in F is the
set of binary planar rooted trees T and is a directed set with s ≤ t if and only if there is
f ∈ F with t = f ◦ s.
Given a functor Φ : F → C where the objects of C are sets, we define the direct system
SΦ which associates to each t ∈ T with n leaves the set Φ(n). For each s ≤ t we need to
give a morphism ιts. For this observe that there is a unique f ∈ F for which t = f ◦ s so
we may define ιts to be Φ(f). As in [Jon18] we consider the direct limit:
lim
→
SΦ = {(t, x)|t ∈ T, x ∈ Φ(target(t))}/ ∼
where (t, x) ∼ (s, y) if and only if there are f, g ∈ F with f ◦ t = g ◦ s and Φ(f)(x) =
Φ(g)(y). Denote by t
x
the equivalence class of (t, x) inside this quotient. If the ιts are all
injections, as they will be in our Pythagorean case, we may identify each Φ(n) with its
image in the direct limit so that (t, x) may also be used to represent t
x
.
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The limit lim
→
SΦ will inherit some structure from the category C. Our main interest
here is in the category C = Hilb of Hilbert spaces with isometries for morphisms. The
direct limit lim
→
SΦ will be a pre-Hilbert space which may be completed to a Hilbert space
which we will also call the direct limit unless special care is required.
Note that this is a slight modification of the definition of [Jon18] where SΦ(t) was
Mor(Φ(e),Φ(t)). This was necessary in [Jon18] to make Φ(t) a set since we were dealing
with abstract tensor categories. Sometimes Mor(Φ(e),Φ(t)) and Φ(target(t)) can be nat-
urally identified in which case the definition is the same as in [Jon18]. Such is the case
for the identity functor from F to itself or when the target category is the rectangular
category of an irreducible planar algebra.
As was observed in [Jon18], F has the required properties so that lim
→
SΦ is, when
Φ is the "identity" functor (taking an object n of F to Mor(1, n) and morphisms to
composition in the obvious way), the Thompson’s group F , which is thus the group of
fractions of F , see [CFP96] or in a language closer to ours,[Be04, Section 7.2]. The element
a ∈ Mor(1, target(b)) is written b
a
.
Moreover, for any other functor Φ, lim
→
SΦ carries a natural action of F defined as follows:
t
s
(
s
x
) =
t
x
where s, t ∈ T with target(s) = target(t) = n and x ∈ Φ(n). A Thompson group element
given as a pair of trees with m leaves and an element of lim
→
SΦ given as a pair (tree with
n leaves, element of Φ(n)) may appear to not be composable by the above formula, but
they can always be “stabilised” to be so within their equivalence classes.
The Thompson group action preserves the structure of lim
→
SΦ so for instance in the
Hilbert space case the representations are unitary.
For the reader who wants to follow this paper in detail, we propose the following exercise.
Let C be the category of sets, σ be a set with one element x and Φ be the functor from
F to C defined by:
(1) Φ(n) =
∐n
1 σ={x1, x2, · · · , xn}.
(2) For each n and i = 1, 2, · · ·n, Φ(fi)(xj) =
{
xj if j < i
xj+1 if j ≥ i
.
(recall that the fi are the generators of F as in definition 2.1.)
Exercise 2.2. With Φ as above, calculate the stabiliser of (t, xi) ∈ lim→ SΦ for a tree t with
n leaves and an element xi of
∐n
1 σ. (Note that an element of Mor(Φ(1),Φ(n)) is the
same thing as an element of
∐n
1 σ.)
We now define the Pythagorean representations.
Definition 2.3. Given a Hilbert space H and a pair of bounded operators (A,B) on H
satisfying the Pythagorean equation A∗A + B∗B = id we define the functor Φ = ΦA,B :
F → Hilb as follows:
(1) Φ(n) = ⊕n1H.
4 ARNAUD BROTHIER AND VAUGHAN F. R. JONES
(2) For each n and i = 1, 2, · · ·n,
Φ(fi,n)(⊕nj=1ξj) = ⊕n+1j=1 ηj with ηj =

ξj if j < i
A(ξi) if j = i
B(ξi) if j = i+ 1
ξj−1 if j > i+ 1
.
Proposition 2.4. With notation as in definition 2.3,
Φ(fj)Φ(fi) = Φ(fi)Φ(fj−1) for i < j − 1
and the Φ(fi) are isometries so Φ extends to a functor from F to Hilb.
Definition 2.5. With H, A,B and Φ as above we call the unitary representation pi = piA,B
of F on the direct limit H the Pythagorean representation given by (A,B). Elements of
H are written t
ξ
. We identify H := Φ(1) and Ht := { tη : η ∈ Φ(target(t))} as subspaces
of H .
More generally if Ai satisfy
∑n
i=1A
∗
iAi = id we call the representation piA1,··· ,An of
Fn (using the Ai to represent the category of planar n − ary forests) the Pythagorean
representation given by A1, A2, · · ·An.
We will sometime write p • q as the forest obtained by concatenating horizontally a
forest p to the left of a forest q. For example, if p is the forest with m straight lines, then
p • fi,n = fi+m,n+m and fi,n • p = fi,n+m.
3. The coefficients
The direct limit may be quite tricky to determine explicitly. A useful point of access
will be the coefficients of the representation (pi,H ), i.e. functions on the group of the
from 〈pi(g)ξ, η〉 where ξ, η ∈H .
Definition 3.1. Suppose we are given A and B acting on H with A∗A + B∗B = id.
Choose a unit vector Ω ∈ H and call its image in the direct limit H the vacuum, also
denoted Ω. (Written in full it would be the class in the direct limit of (e,Φ(id)(Ω)).)
Let us calculate the coefficient 〈pi(g)Ω,Ω〉 (which determines the Pythagorean repre-
sentation of F on the linear span of the pi(h)Ω as h varies in F ).
To this end observe first that each leaf ` of a binary planar rooted tree t with n leaves
is indexed by a sequence (e1, e2, · · · , ek) of 0’s and 1’s according to whether the branch to
the leaf turns left (0) or right (1) at the ith vertex from the root. For 1 ≤ i ≤ k let
X`i =
{
A if ei = 0
B if ei = 1
Definition 3.2. With notation as above set
At` = X`kX`k−1 · · ·X`1
We will freely identify a tree t with its set of leaves {`} with a standard dyadic partition
I = It with intervals {I}. Note that the operator At` only depends on the corresponding
interval I and not on the partition It as there is a unique path to any standard dyadic
interval inside the infinite full binary planar tree, see [CFP96] for details. We will often
write AI instead of At`.
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By definition, Ω is the (class of the) pair (t, ⊕`vt`) with vt` = At`Ω. Thus, if the pair of
trees
t
s
is an element of F , then each leaf ` of t is identified with a leaf of s, which we also
call `, and (t, ⊕`vs` ) represents pi(g)(Ω). So
〈pi(g)Ω,Ω〉 =
∑
` a leaf of t
〈As`Ω,At`Ω〉.
Definition 3.3. For
t
s
and ` as above set
Bt,s` = (At`)∗As` or simply B` = (At`)∗As`.
We obtain the following:
Formula 3.4.
〈pi(g)Ω,Ω〉 =
∑
` a leaf of t
〈Bt,s` Ω,Ω〉.
The following example should make this formula clear:
Let g ∈ F be given by the pair of trees below:
t
s
=
Then
〈pi(g)Ω,Ω〉 = 〈(A∗AA+B∗A∗A∗BA+B∗A∗B∗AB +B∗B∗BB)Ω,Ω〉
Verbally one could express the formula as follows:
“ Arrange the pair of trees one on top of the other. Label the edges of the bottom tree
by A or B according to whether they are left or right edges, and similarly the top tree by
A∗ or B∗. For each path on the pair of trees from top to bottom form the operator given
by the product of the operators on each edge, take its Ω− Ω coefficient and sum.”
4. Thompson’s group T
4.1. A Pythagorean representation extends to larger groups.
We briefly recall how to get T in the category picture. See [Jon18] or [GL98] for more
details. The objects of the category of affine binary planar forests AF are the same as
those of F i.e. sets of n points on a line up to isotopy, identified with N. A morphism
of AF is a pair (f, k) where f is a binary planar forest with m roots and n leaves, on
two parallel lines, up to isotopy, and k is an element of Z/nZ represented by an integer
between 0 and n− 1. Morphisms (f, k) ∈ AF(m,n) and (g, `) ∈ AF(n, p) are composed
as follows. First form the planar rooted forest g◦kf withm roots and p leaves by attaching
the leaves of f to the roots of g in cyclic order starting by attaching the (k + 1)th leaf of
f to the first root of g. Roots and leaves are counted from left to right starting from 1
on the left. Thus the (n + 1 − k)th root of g is attached to the first leaf of f and so on.
The composition of the two morphisms is then (g ◦k f, (k′ + `) mod p) where k′ is equal
to the sum of the number of leaves of the k last trees of g.
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We see that AF(n, n) is isomorphic to the cyclic group Z/nZ and that the category
AF satisfies the conditions to have a group of fractions which will in this case be pairs of
trees with the same number of vertices, each with a distinguished leaf, up to cancelling
carets and a common cyclic group action. Stabilising by a morphism from n to n, we see
that the distinguished leaf of the first tree may be supposed to be the leftmost. We thus
obtain the usual "pair of trees" picture of T as in [CFP96].
Remark 4.1. If we consider T as acting on the circle S and that t = s are equal to the
full binary tree with 2n leaves, then the fraction obtained from the pair ((t, k), (t, 0)) acts
as the rotation of angle k2−n.
A Pythagorean pair (A,B) on H gives a representation of T in the same way as we
did for F . Just use (A,B) to go between direct sums of H according to the forest and
distinguished leaf.
It is important to note that the Hilbert spaceH obtained from AF is the same one as
that obtained from F since all the vector spaces corresponding to a fixed tree are identified
via rotations, and the category F is contained in AF by making the leftmost leaf of a
forest the distinguished one. It is also clear that the restriction of the representation of
T to F < T is precisely the representation we have constructed for F .
Thus we will use the same notations pi and ρ (below) for the representations of T and
F .
One may calculate the coefficients for Thompson’s group T in the same way and they
are given by the same formula. The only difference is that the identification of the leaves
of the pairs of trees may be dislocated so that the leftmost leaf of the bottom tree may
be identified with any leaf of the top tree. For instance the element g ∈ T which rotates
by pi/2 is specified by the following:
B*
A
A A
A*
A* A*
B
B B
B*
B*B*
(Note that the rightmost and leftmost edges are identified.) We see that
〈pi(g)Ω,Ω〉 = 〈(A∗A∗BA+ A∗B∗AB +B∗A∗BB +B∗B∗AA)Ω,Ω〉.
Remark 4.2. Thompson’s group V can be defined in a similar way in the category pic-
ture. Let SF be the category of symmetric forests with set of objects N and morphisms
SF(n,m) = F(n,m) × Sm that is forests times the symmetric group of m elements,
n,m ≥ 1. Composition of morphisms is performed just like it was for AF and the re-
sulting group of fractions is isomorphic to Thompson’s group V . If pi is a Pythagorean
representation of F , then we can extend it to a representation of V with the following
formula:
pi
(
(t, τ)
(s, σ)
)
(
s
⊕`ξ` ) =
s
⊕`ξσ−1τ(`) .
One can define similarly Vn and extend Pythagorean representations in the n-ary version.
We will restrict our study to representations of F and T but it is remarkable that any
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Pythagorean representation extends to V and further interesting questions can be raised
in this context.
4.2. The rotation.
As we mentioned before if tn is the full binary tree with 2n leaves, then Thompson’s
group T contains the rotation rn = (tn,1)(tn,0) by an angle 2
−n when it acts on the circle
S ' R/Z. Hence, if ξ = tn
(ξ1, · · · , ξ2n) ∈ H , then pi(rn)ξ =
tn
(ξ2, ξ3, · · · , ξ2n , ξ1) . We are
interested in knowing if pi(rn) has a weak operator limit when n tends to infinity. We
start by observing that the first component of the inner product 〈pi(rn)ξ, η〉 for ξ, η ∈ Htn
tends to zero at infinity.
Lemma 4.3. The sequence of operators (Bn)∗An tends to zero for the weak operator
topology of B(H).
Proof. Consider a Pythagorean couple A,B and define the spectral projections pA :=
χ[2/3,1](A
∗A) and pB := χ[2/3,1](B∗B) associated to the interval [2/3, 1]. Note that A∗A
and B∗B are positive operators smaller than the identity. Therefore, the projection
p⊥A := id−pA is the spectral projection of A∗A associated to the interval [0, 2/3).
We claim that the sequence (p⊥AAn)n tends to zero for the strong operator topology.
Consider a vector ζ ∈ H and observe that
‖Aζ‖2 = 〈Aζ,Aζ〉 = 〈A∗Aζ, ζ〉 = 〈pAA∗Aζ, ζ〉+ 〈p⊥AA∗Aζ, ζ〉
= 〈A∗ApAζ, pAζ〉+ 〈A∗Ap⊥Aζ, p⊥Aζ〉 since A∗A and pA commute
≤ ‖pAζ‖2 + 2
3
‖p⊥Aζ‖2 = ‖ζ‖2 −
1
3
‖p⊥Aζ‖2.(4.1)
Fix a vector ξ ∈ H and observe that (‖Anξ‖)n is a decreasing sequence since ‖A‖ ≤ 1.
Suppose that ‖p⊥AAnξ‖ does not tend to zero. Then there exists C > 0 and a strictly
increasing sequence (nk)k such that ‖p⊥AAnkξ‖ ≥
√
C for any k. We obtain that
‖Ank+1ξ‖2 ≤ ‖Ank+1ξ‖2 = ‖A(Ankξ)‖2 ≤ ‖Ankξ‖2 − C/3 by (4.1).
By iterating the process we get ‖Ank+1ξ‖2 ≤ 1 − kC/3, a contradiction since eventually
1− kC/3 is negative. This proves the claim.
The Pythagorean equation implies that pA and pB commute and pApB = 0. Choose
some unit vectors ξ, η ∈ H and a real number ε > 0. By the claim there exists N satisfying
‖Anξ − pAAnξ‖+ ‖Bnη − pBBnη‖ < ε,∀n ≥ N.
We obtain for all n ≥ N :
|〈(B∗)nAnξ, η〉| = |〈Anξ, Bnη〉| ≤ |〈pAAnξ, pBBnη〉|+ ε
= |〈pBpAAnξ, Bnη〉|+ ε = ε.
This proves the lemma. 
We now give an easy criterion for proving the weak convergence of the rotations. Con-
sider x ∈ B(H)∩{A,B}′ an operator acting on H which commutes with A and B. For any
tree t with n leaves we define xt ∈ B(Ht) by xt(t, ξ1, · · · , ξn) := (t, xξ1, · · · , xξn). Note
that since x commutes with A and B we have that Φ(f) ◦ xt = xft ◦ Φ(f) for any forest
f with n roots. This implies that (xt)t densely defines a map [x] on the direct limit H
and since ‖xt‖ = ‖x‖ for any t we have that [x] is a bounded operator.
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Proposition 4.4. Consider a Pythagorean couple (A,B) acting on H and its associated
representation (pi,H ). Assume that there exists x ∈ B(H) which commutes with A,B
such that 〈pi(rn)ξ, η〉 converges to 〈xξ, η〉 for any ξ, η ∈ H ⊆H . Then pi(rn) converges to
[x] in B(H ) for the weak operator topology.
Proof. Following notations of Section 3, if I is a standard dyadic interval, we denote
by AI the operator equal to a product of A and B such that A[0,1] = id,A[0,1/2] =
A,A[1/2,1] = B,A[1,1/4] = AA,A[1/4,1/2] = BA,A[1/2,3/4] = AB, etc. Put Im,k := [k−12m , k2m ]
and Am,k := AIm,k for m ≥ 1 and 1 ≤ k ≤ 2m. Fix some vectors ξ, η ∈ H . Let us show
that limn〈pi(rn)ξ, η〉 = 〈[x]ξ, η〉. Consider the Hilbert spaces Htm ,m ≥ 1 associated to
the full binary tree tm with 2m leaves and observe that they form an increasing union of
subspaces of H whose union is dense. Since pi(rn), n ≥ 1 are unitary operators and thus
are uniformly bounded we can assume by density that ξ, η ∈ Htm for a certain m ≥ 1.
Identify Htm with H2
m and denote by ξi and ηi there ith component with the convention
that ξi+2m = ξi. Fix l ≥ 1 and consider now ξ, η inside Htm+l via the usual embedding
Htm ⊂ Htm+l . The il + kth component of η in Htm+l is then Al,kηi for 1 ≤ i ≤ 2m and
1 ≤ k ≤ 2k. Let us apply the rotation pi(rm+l) on ξ that shifts all of its components by
one. Hence, the il + kth component of pi(rm+l)ξ is{
Al,k+1ξi if 1 ≤ i ≤ 2m, 1 ≤ k ≤ 2l − 1
Al,1ξi+1 if 1 ≤ i ≤ 2m, k = 2l
.
Observe that by considering the vectors ξi, ηi as vectors in Htl via the embedding φ(l) :
H→ Htl we obtain the formula:
(4.2) 〈pi(rl)ξi, ηi〉 =
2l∑
k=1
〈Al,k+1ξ′,Al,kη′〉.
Therefore,
〈pi(rm+l)ξ, η〉 =
2m∑
i=1
(
2l−1∑
k=1
〈Al,k+1ξi,Al,kηi〉+ 〈Al,1ξi,Al,2lηi−1〉)
=
2m∑
i=1
(〈pi(rl)ξi, ηi〉+ 〈Al,1ξi,Al,2l(ηi−1 − ηi)〉) by (4.2)
=
2m∑
i=1
(〈pi(rl)ξi, ηi〉+ 〈(Bl)∗Alξi, ηi−1 − ηi〉).
Since ξi, ηi belong to H we have by assumption that 〈pi(rl)ξi, ηi〉 converges to 〈xξi, ηi〉 and
by Lemma 4.3 〈(Bl)∗Alξi, ηi−1 − ηi〉 converges to 0 for any 1 ≤ i ≤ 2m. Therefore,
lim
l→∞
〈pi(rm+l)ξ, η〉 =
2m∑
i=1
〈xξi, ηi〉 = 〈[x]ξ, η〉.
This finishes the proof. 
We deduce an equation that the limit of pi(rn) satisfies when we have some additional
commutation assumptions.
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Corollary 4.5. Suppose there exists x ∈ B(H) ∩ {A,B}′ such that limn〈pi(rn)ξ, η〉 =
〈xξ, η〉 for any ξ, η ∈ H and further assume that A∗B commutes with A,B,A∗, and B∗.
Then the sequence (pi(rn))n converges for the weak operator topology to [x] and x satisfies
the following equation
x(id−B∗A) = A∗B.
Proof. Since A∗B commutes with A,B,A∗, B∗ we can define the operators [A∗B] and
[B∗A] in B(H ). Fix n ≥ 1, consider ξ, η ∈ H and write ξi := An,iξ, ηi := An,iη for any
1 ≤ i ≤ 2n such that ξ = (tn, ξ1, · · · , ξ2n) and η = (tn, η1, · · · , η2n). Observe that
〈pi(rn+1)ξ, η〉 =
2n∑
i=1
〈Bξi, Aηi〉+
2n∑
j=1
〈Aξj+1, Bηj〉
= 〈[A∗B]ξ, η〉+ 〈pi(rn)[B∗A]ξ, η〉
= 〈A∗Bξ, η〉+ 〈pi(rn)B∗Aξ, η〉.
Taking the limit in n we obtain 〈xξ, η〉 = 〈A∗Bξ + xB∗Aξ, η〉 for any ξ, η ∈ H which
proves the lemma. 
We will see that in most examples the sequence of rotations pi(rn) does not tend to the
identity and hence the action by the group generated by the rotations inside T cannot be
continuously extended to the rotation group of the circle.
5. General properties of Pythagorean representations
In this section we consider a pair (A,B) of operators acting on the Hilbert space H and
satisfying the Pythagorean equation. Denote by (pi,H ) the associated representation of
Thompson’s group F or T . We give some general properties of pi. Note that they can be
generalised to representations of Fk and Tk for k ≥ 3.
5.1. Behavior of coefficients at infinity.
We start by showing that a nontrivial coefficient of a Pythagorean representation does
not tend to zero at infinity.
Proposition 5.1. Consider two vectors ξ, η ∈ H and the associated coefficient ϕ(g) =
〈pi(g)ξ, η〉, g ∈ F. Then
lim sup
g→∞
|ϕ(g)| = sup
h∈F
|ϕ(h)|.
In particular, (pi,H ) does not produce any nontrivial positive definite function or any
nontrivial coefficient tending to zero at infinity in F (and thus in T ).
Proof. Consider unit vectors ξ, η ∈ H and the associated coefficient ϕ : F → C, g 7→
〈pi(g)ξ, η〉. If α := suph∈F |ϕ(h)| is equal to zero, then the proof is trivial. We assume that
α is nonzero. Suppose that there exists δ > 0 such that lim supg→∞ |ϕ(g)| < α − δ. Set
ε := δ/7. By changing ξ to some pi(h)ξ we can assume that |ϕ(e)| > α − ε. Recall that
tn is the full binary tree with 2n leaves. By density there exists n ≥ 1 and unit vectors
ξ′, η′ in the space Htn such that ‖ξ − ξ′‖, ‖η − η′‖ < ε. Since Htn ⊂ Htn+1 we can choose
a large n satisfying 2−n/2 < ε. We define the coefficient ϕ′(g) := 〈pi(g)ξ′, η′〉, g ∈ F and
observe that ||ϕ(g)| − |ϕ′(g)|| < 2ε,∀g ∈ F. By assumption, there exists a subset L ⊂ F
with finite complement such that |ϕ(g)| < α−δ for any g ∈ L. We denote by ξ′i, η′i the ith
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component of the vector ξ′ and η′ respectively. If ui, vi are trees, gi = uivi ∈ F, 1 ≤ i ≤ 2n
we put g = (g1, · · · , g2n) and
φ(g) = φ(g1, · · · , g2n) := (u1 • · · · • u2n) ◦ tn
(v1 • · · · • v2n) ◦ tn ∈ F.
Recall that • denotes the horizontal concatenation of forests as defined in Section 2.
Therefore, (u1 • · · · • u2n) ◦ tn is the tree obtained by gluing the tree ui on top of the ith
leaf of tn for any i. Observe that φ(g) only depends on g and does not depend on the
choice of the trees ui, vi, 1 ≤ i ≤ 2n. Moreover,
〈pi ◦ φ(g)ξ′, η′〉 =
2n∑
i=1
〈pi(gi)ξ′i, η′i〉.
The group element φ(g) tends to infinity if at least one of the gi tends to infinity. Hence
there exists a subset L′ ⊂ F with finite complement such that φ(g) ∈ L if at least
one of the gi is in L′. Let j be the index satisfying that ‖ξ′j‖ = mini ‖ξ′i‖. Note that
‖ξ′j‖ ≤ 2−n/2 < ε since ξ′ is a unit vector. Fix gj ∈ L′ and put g ∈ F 2n whose each entry
is equal to the identity except the jth entry that is equal to gj. We have that
α− δ > |ϕ(φ(g))| > |ϕ′(φ(g))| − 2ε = |
2n∑
i=1
〈pi(gi)ξ′i, η′i〉| − 2ε
= |〈ξ′, η′〉 − 〈ξ′j, η′j〉+ 〈pi(gj)ξ′j, η′j〉| − 2ε
≥ |ϕ′(e)| − |〈ξ′j, η′j〉| − |〈pi(gj)ξ′j, η′j〉| − 2ε
> α− 3ε− 2‖ξ′j‖ − 2ε > α− 7ε = α− δ
a contradiction. 
Remark 5.2. Since any coefficient of the regular representation λF of F tends to zero at
infinity we obtain that λF does not embed in pi. By a result of Dudko-Medynets we obtain
that the representation pi does not admit any II1 direct summands [DM14].
Using tensor products instead of direct products we built families of representations hav-
ing coefficients vanishing at infinity in [BJ18]. Proposition 5.1 demonstrates how different
those representations are from the Pythagorean one.
5.2. Invariant vectors.
A Pythagorean representation of F can be trivial (see 6.1) and thus can have nonzero
invariant vectors. However, the next proposition shows that there are never nonzero
T -invariant vectors.
Proposition 5.3. The Pythagorean representation (pi,H ) does not contain any nonzero
T -invariant vectors.
Proof. Assume that ξ ∈H is a T -invariant unit vector and fix 0 < ε′ < 1/3. By density,
there exists n ≥ 1 and a unit vector ξ′ = (tn, ξ′1, · · · , ξ′2n) ∈ Htn such that ‖ξ − ξ′‖ < ε′,
where tn is the full binary planar tree with 2n leaves. Let rn ∈ T be the rotation of
angle 2−n. Since ξ is T -invariant, we have that ‖pi(rn)iξ′ − ξ′‖ < 2ε′ for any i ≥ 0. Set
S(i) :=
∑2n
k=1 ‖ξ′i+k − ξ′i‖2, where we take the convention that ξ′2n+j = ξ′j for any j and
PYTHAGOREAN REPRESENTATIONS OF THOMPSON’S GROUPS. 11
observe that
2n∑
i=1
S(i) =
2n∑
j=1
‖pi(rn)jξ′ − ξ′‖2 < 2n.4ε′2.
Therefore, there exists j such that S(j) < 4ε′2. Define the vector ξ′′ ∈ Htn such that each
entry is equal to ξ′j. We have ‖ξ′ − ξ′′‖2 = S(j) < 4ε′2 which implies that ‖ξ − ξ′′‖ < 3ε′
and ‖pi(g)ξ′′ − ξ′′‖ < 6ε′ for any g ∈ T. Let us show that ξ′j is close to being invariant
under the action of the group T .
Consider an element g = (a,k)
(b,0)
∈ T where a, b are trees and k ≥ 0. We put gn := ((a)n◦tn,k)((b)n◦tn,0)
where (a)n is the forest with 2n roots, each of whose tree is equal to a. We have that
〈pi(gn)ξ′′, ξ′′〉 = 2n〈pi(g)ξ′j, ξ′j〉.
Moreover, we have that 1 + 3ε′ > 2n/2‖ξ′j‖ = ‖ξ′′‖ > 1− 3ε′ > 0. We obtain that
|〈pi(g)ξ′j, ξ′j〉|
‖ξ′j‖2
=
|〈pi(gn)ξ′′, ξ′′〉|
‖ξ′′‖2 >
‖ξ′′‖ − ‖pi(gn)ξ′′ − ξ′′‖
‖ξ′′‖ >
1− 9ε′
1− 3ε′ .
Since ε′ was arbitrary, we obtain that for any ε > 0 there exists a unit vector ζ in the
small Hilbert space H such that ‖pi(g)ζ−ζ‖ < ε for any g ∈ T . Fix such a ζ for 0 < ε < 1.
Consider the trees a := f1 ◦ f1 and b := f2 ◦ f1. Put g := ab ∈ F and h = (a,1)(b,0) ∈ T and
observe that
‖pi(g)ζ − ζ‖2 = ‖A2ζ − Aζ‖2 + ‖BAζ − ABζ‖2 + ‖Bζ −B2ζ‖2 < ε2;(5.1)
‖pi(h)ζ − ζ‖2 = ‖A2ζ − ABζ‖2 + ‖BAζ −B2ζ‖2 + ‖Bζ − Aζ‖2 < ε2.(5.2)
Put η := Aζ and observe that ‖Aη − η‖ < ε. Moreover, 1 = ‖ζ‖ ≤ ‖A∗Aζ‖+ ‖B∗Bζ‖ ≤
‖Aζ‖+ ‖B∗(Bζ − Aζ)‖+ ‖B∗Aζ‖ < 2‖η‖+ ε and thus ‖η‖ > 1−ε
2
> 0. The inequalities
(5.1), (5.2) imply that ‖Aη − η‖ < ε and ‖Bη − η‖ < 3ε. Therefore,
‖A∗Aη − η‖2 = ‖A∗Aη‖2 + ‖η‖2 − 2‖Aη‖2
≤ ‖η‖2 − ‖Aη‖2 ≤ 2‖η‖(‖η‖ − ‖Aη‖) since ‖A‖ ≤ 1
≤ 2‖η‖‖Aη − η‖ < 2ε‖η‖.
A similar argument combined with the Pythagorean equality gives that
‖A∗Aη‖2 = ‖B∗Bη − η‖2 < 6ε‖η‖.
Since η = A∗Aη + B∗Bη we obtain that ‖η‖ ≤ (√2 +√6)√ε‖η‖, a contradiction since
η 6= 0 and ε is arbitrary small. Therefore, pi does not have any nonzero T -invariant
vectors. 
Question 5.4. Is there a Pythagorean representation that admits an almost T -invariant
vector?
6. Solutions of the Pythagorean equation
We now begin to investigate particular Pythagorean representations.
Definition 6.1. Let ρΩA,B (or just ρ when there is no ambiguity) be the subrepresentation
of piA,B spanned by the orbit of Ω under F (or T ).
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We remind the reader that, if a unitary representation σ admits a cyclic unit vector ξ
such that |〈σ(g)ξ, ξ〉| = 1 or 0, then σ is the representation induced from the character χ
of the subgroup H for which 〈σ(h)ξ, ξ〉 = χ(h), ∀h ∈ H.
Note that the construction of Pythagorean representations behaves well under direct
sums. Indeed, if (Ai, 1 ≤ 1 ≤ n) and (A′i, 1 ≤ i ≤ n) are two families of operators
satisfying the Pythagorean equation, then (A′′i := Ai ⊕ A′i, 1 ≤ 1 ≤ n) satisfies it as well
and we have that piA′′ ' piA ⊕ piA′ . One has a similar statement for infinite direct sums
and direct integrals of operators. For this reason we will consider examples that cannot
be trivially decomposed into a direct sum.
6.1. The simplest case: A = 1, B = 0.
The simplest solution of the Pythagorean equation is no doubt when A or B is zero
and H = C. In this case it is clear from the formula 3.4 that 〈piA,B(g)Ω,Ω〉 = 1 for g ∈ F
since only the path that stays on the left contributes to the sum. Thus ρΩA,B is trivial.
Perhaps surprisingly the representation ρA,B of T is not trivial. For any path from
bottom to top for a pair of trees in T but not in F must pass through an edge labelled A
and one labelled B or B∗. So by our remark, the representation of T is the one induced
from the trivial representation of F .
6.2. The usual action: A = B = 1√
2
.
Recall that T acts by piecewise linear homeomorphisms on the circle S by transfor-
mations which are differentiable at all but a finite number of points, and the slopes are
powers of 2.
Proposition 6.2. When A = B = 1√
2
and H = C there is an isomorphism from H to
L2(S) intertwining the action piA,B of T (hence F by restriction) with the action on L2(S)
given by:
g−1 · f(z) =
√
g′(z)f(g(z)),
for any g ∈ T, f ∈ L2(S), and almost every z ∈ S.
Proof. Given t ∈ F(1, n) we put It the set of standard dyadic intervals corresponding to
the leaves of t and write (t,⊕I∈ItξI) the elements of Ht. Consider the map
Vt : Ht → L2(S), (t,⊕I∈ItξI) 7→
∑
I∈It
χIξI√
Leb(I)
,
where χI is the characteristic function of the interval I and Leb is the Lebesgue measure.
It is easy to see that Vt is an isometry and that Vs = Vt ◦ ιst if t ≤ s as trees. Therefore,
the system of maps (Vt, t) defines an isometry V from H to L2(S). This map has dense
image by Stone-Weierstrass theorem and thus is surjective since the range of an isometry
is closed. One can check that the unitary operator V intertwines piA,B and the action on
the circle described above. 
Interestingly, multiplying both A and B by a fixed ω ∈ C with |ω| = 1 actually changes
the representation non-trivially. To be precise, the formula for g acting on L2(S) becomes
g−1 · f(z) = ω− log2 g′(z)
√
g′(z)f(g(z)).
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This can be proved by defining the family of isometries
V ωt : Ht → L2(S), (t,⊕I∈ItξI) 7→
∑
I∈It
χIξIω
log2(Leb(I))√
Leb(I)
and mimicking the proof above. Note that, these ways of twisting the trivial bundle over
S are not possible for all of Diff(S).
Remark 6.3. Note that the rotation subgroup of T acts by rotations so extends to all
of the rotation group Rot(S), and the representation on all of T has strong continuity
properties, in stark contrast to the representations of [Jon18]. In general, it is a very
difficult task to compute limits of rotations when the angle tends to zero especially when
dealing with representations built with tensor products. Interestingly, this computation is
more feasible in the Pythagorean context. As we will see in coming examples the limit of
rotations will generically not tend to the identity thus excluding the possibility to extend
the action to Rot(S). Is there a condition assuring the continuity of the rotations for a
Pythagorean representation?
6.3. Arbitrary sums of real scalars: A = cos θ, B = sin θ.
Here H = C and Ω is the number 1. These Pythagorean representations interpolate
between the last two. We want to prove that for any θ they have no fixed vectors. In
the next section we will provide explicit formulae of limits of rotations for any choice of
complex scalars A,B.
Abbreviate cos θ and sin θ to c and s respectively. Let tn be the full binary planar tree
with 2n leaves and each branch of length n. Now let gn be the elements of F given by
the pairs of trees consisting of tn on top and on bottom and 2n copies of a simple pair of
trees (the choice of which is not important) joining the leaves of the top to the bottom,
thus: gn = where each dotted circle is filled with a copy of the pair of
trees:
As a preliminary calculation let us figure out 〈pi(gn)Ω,Ω〉. By the formula 3.4 the copies
of the small pair of trees can all be removed if one multiplies by c3 + s2c2 + s3. Once
removed one sees simply 〈Ω,Ω〉 = 1. So for every n, 〈pi(gn)Ω,Ω〉 = c3 + s2c2 + s3.
We now proceed to show that the weak limit of the pi(gn) onH is actually c3 +s2c2 +s3.
For this it suffices by boundedness of the pi(gn) to show that limn→∞〈pi(gn)ξ, η〉 = (c3 +
s2c2 + s3)〈ξ, η〉 for every ξ and η in (tk,⊕2k1 H) for all k. So let (tk, v) and (tk, w) be
given with v and w in ⊕2k1 H. It is convenient to represent v and w as rectangular boxes
which assign the entries of the vector to each of 2k edges emanating from the top of the
box. Forests can then be attached to the emanating edges to represent the action of the
category of forests on the vectors. For instance if v = (v1, v2) ∈ C ⊕ C, the following
diagram represents the element (cv1, csv1, s2v1, v2) ∈ ⊕41C:
v
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So suppose v and w are given in ⊕2k1 H and n is significantly larger than k. Then
ξ := (tk, v) and η := (tk, w) are equal in H to pairs (tn, vˆ) and (tn, wˆ) where vˆ and wˆ are
obtained from v and w by attaching 2k copies of tn−k to the edges emanating from the
boxes containing v and w thus:
v
where for this illustration, k = 1 and n = 3.
If s is a tree, we put (s)m the forest with 2m trees all equal to s. Consider the trees
a, b ∈ F(1, 3) such that gn = (a)n◦tn(b)n◦tn . Then
〈pi(gn)ξ, η〉 = 〈(a)n ◦ tn
(b)n ◦ tn
tn
vˆ
,
tn
wˆ
〉 = 〈Φ((b)n)vˆ,Φ((a)n)wˆ〉
= 〈Φ(b)Ω,Φ(a)Ω〉〈vˆ, wˆ〉 = (c3 + s2c2 + s3)〈vˆ, wˆ〉
= (c3 + s2c2 + s3)〈ξ, η〉.
We obtain that the sequence (pi(gn)n) tends to (c3 + s2c2 + s3) id for the weak operator
topology. In particular, there are no nonzero F -invariant vectors.
6.4. Arbitrary scalars: computation of limits of rotations.
Consider the one dimensional Hilbert space H := C and the vacuum Ω = 1. We consider
a pair of complex numbers A = a,B = b ∈ C satisfying |a|2 + |b|2 = 1. Let (pi,H ) be
the associated representation. Since pi is somewhat trivial when a or b is zero we assume
that they are both nonzero and thus |a|, |b| < 1. We are interested in computing limits of
rotations. Let rn ∈ T be the rotation by 2−n, rjn its jth power and set ω := ab¯.
Proposition 6.4. For any j ≥ 1 the sequence of operators (pi(rjn))n converges for the
weak operator topology to a scalar xj times the identity id. The family of scalars (xj)j
satisfy the following relations:
x1 =
ω¯
1− ω , x2k = xk and x2k+1 = ω¯xk + ωxj+1, ∀k ≥ 1.
Proof. We give a proof which does not use results of Section 4.2. Let us prove by induction
on j ≥ 1 that the sequence (pi(rjn))n converges for the weak operator topology to xj (times
the identity). Consider ξ, η ∈ Htn with ith component written ξi and ηi respectively and
put ξ2n+i := ξi for any i. Observe that
〈pi(rn+1)ξ, η〉 =
2n∑
i=1
〈Bξi, Aηi〉+
2n∑
j=1
〈Aξj+1, Bηj〉
=
2n∑
i=1
a¯bξiη¯i +
2n∑
j=1
ab¯ξj+1η¯j
= ω¯〈ξ, η〉+ ω〈pi(rn)ξ, η〉.
Put yn := 〈pi(rn)ξ, η〉 − x1〈ξ, η〉 and observe that yn+1 = ωyn with |ω| < 1. Therefore,
(yn)n tends to zero and 〈pi(rn)ξ, η〉 tends to x1〈ξ, η〉. By density we obtain that (pi(rn))n
converges (for the weak operator topology) to x1. Remark that if (pi(rjn))n converges to
xj, then (pi(r2jn ))n converges to the same limit since r2jn = r
j
n−1 and in particular (pi(r2n))n
converges to x1.
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Consider k ≥ 1 and assume that (pi(rjn))n converges to xj for any 1 ≤ j ≤ 2k. Fix some
vectors ξ, η ∈ Htn and observe that
〈pi(r2k+1n+1 )ξ, η〉 =
2n∑
i=1
〈Bξi+k, Aηi〉+
2n∑
j=1
〈Aξj+k+1, Bηj〉
=
2n∑
i=1
a¯bξi+kη¯i +
2n∑
j=1
ab¯ξj+k+1η¯j
= ω¯〈pi(rkn)ξ, η〉+ ω〈pi(rk+1n )ξ, η〉.
The induction hypothesis implies that the right hand side converges to (ω¯xk+ωxk+1)〈ξ, η〉
and we obtain by density that (pi(r2k+1n ))n converges to ω¯xk + ωxk+1. This finishes the
proof of the proposition. 
The formulae x2k = xk and x2k+1 = ω¯xk + ωxk+1 give us an algorithm for computing
xj. Given j ≥ 1 we construct a decorated binary tree which will determine xj. Start with
the trivial tree and its root decorated by j. If j is a power of two, then we keep this trivial
decorated tree and xj = x1 = ω¯1−ω . If not, consider n such that
j
2n
is an odd integer equal
to 2k + 1 for a certain k > 0. We add a decorated trivalent node with j on the bottom,
k on the top left, and k + 1 on the top right. Then we continue the same construction
applied to k and k + 1 until we reach 1 everywhere. We obtain a binary tree t(j). For
any leaf ` of t(j) we associate the scalar c` := ω¯lωr where l (resp. r) is the number of left
turns (resp. right turns) in the (geodesic) path from the root of t(j) to the leaf `. We
obtain the formula
xj =
∑
` a leaf of t(j)
c`x1.
For example, if j = 13, then
t(13) = 7
36
13
and
x13 = (ω¯
2 + ω¯ω + ω¯2ω + ω¯ω2 + ω2)x1.
6.5. Unitaries.
If u and v are unitaries on some Hilbert space H, the pair (A = 1√
2
u,B = 1√
2
v) is a
Pythagorean pair. We will fix this choice of (A,B) for the remainder of this subsection.
For simplicity we restrict our calculations to F , leaving the case of T to the reader.
Theorem 6.5. There is a unitary cocycle F× [0, 1] 3 (g, x) 7→ Ug,x on F with coefficients
in the unitary group of H such that the representation piA,B on H is equivalent to the
unitary representation σ on L2([0, 1],H) given by
σg(ξ)(x) = g
′(x)−1/2U(g, x)(ξ(g−1x)).
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Proof. We begin by identifyingH with L2([0, 1],H). The theorem will then follow simply
by transporting the action of F on H to L2([0, 1],H).
So let t ∈ T be given with n leaves, I = {I} be the corresponding standard dyadic
partition so that each I is a leaf of t, and let ξ = ⊕I∈IξI be an element of Ht. We set
RI(ξ) =
∑
I∈I
A∗I(ξI)χI
Leb(I)
where χI is the characteristic function of I and Leb the Lebesgue measure. (For the
meaning of AI see 3.2.)
Since AI is
√
Leb(I) times a unitary operator,∫ 1
0
||RI(ξ)(x)||2dx =
∑
I∈I
Leb(I)× Leb(I)
Leb(I)2
||ξIχI ||2 = ||ξ||2.
The next thing to show is that R is compatible with the direct limit. Let N be the ith
interval of I that we split in two as N = K ∪ L where K is the first half and consider
the refined partition J containing K,L and all intervals of I except N . We need to show
that
(6.1) RJ (Φ(fi)(ξ)) = RI(ξ).
But in
RJ (Φ(fi)(ξ)) =
∑
M∈J
A∗M(Φ(fi)(ξ)M)χM
Leb(M)
all the terms are equal to those of RI(ξ) =
∑
I∈I
1
Leb(I)
A∗I(ξI)χI except
A∗K((Φ(fi)(ξ)K)χK
Leb(K)
and
A∗L((Φ(fi)(ξ)L)χL
Leb(L)
which are
A∗K( 1√2u(ξN))χK
Leb(K)
and
A∗L( 1√2v(ξN))χL
Leb(L)
respectively. However AK = 1√2uAN and AL = 1√2vAN and Leb(K) = Leb(L) =
1
2
Leb(N) so that the sum of these two terms is 1
Leb(N)
A∗N(ξN)χN implying 6.1.
Since any tree is a combination of some fi we obtain that the collection of RI define
an isometry R from H to L2([0, 1],H). It’s image clearly contains the dense subspace
spanned by functions of the form ξχI for all ξ ∈ H and standard dyadic intervals I. So
R extends to a unitary.
To finish the proof we need to see how the action of F on H transports under R. So
let g = IJ be an element of F and choose a vector ξχJ for some J ∈ J . By definition,
R−1(ξχJ) is the (equivalence class of the) element Jη where η ∈ ⊕M∈JH is zero except
when M = J for which it is AJ(ξ). By construction pi(g)(Jη ) = Iη where g(J) = I ∈ I.
Hence
Rpi(g)R−1(ξχJ) =
A∗gJAJ(ξ)χgJ
Leb(gJ)
.
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So for g = IJ and x ∈ J ⊆ [0, 1] define the unitary U(g, x) =
A∗gJAJ√
Leb(gJ) Leb(J)
. Then
Rpi(g)R−1(ξχJ) =
√
Leb(J)√
Leb(gJ)
(U(g, x)ξ)χgJ
and
(Rpi(g)R−1(ξ))(x) = g′(x)−1/2(U(g, x)ξ)(g−1x).

The interesting issue is the continuity of the representation for some topology on F or
T as a group of homeomorphisms.
6.6. The free group.
Let a and b freely generate the free group on two generators F2 and let ua and ub be
the corresponding unitaries of the left regular representation on `2(F2). Then putting
A = 1√
2
ua and B = 1√2uv we get a solution of the Pythagorean equation 2.3 and thus
a unitary representation pi of F . If we choose Ω to be the characteristic function of the
identity of F2 then when we calculate the coefficient 〈pi(g)Ω,Ω〉 the only paths on the
pair of trees which contribute to the sum are those in which the path on the top tree is
exactly the reflection (in the horizontal like between the two trees) of the bottom path.
But this means that the intervals indexed by the top and bottom paths are the same, so
the Thompson group element is the identity on that interval. Moreover, the factors of 1√
2
give precisely the Lebesgue measure Leb of that interval. We obtain the result:
Proposition 6.6. For any g ∈ F we have the equality
〈pi(g)Ω,Ω〉 = Leb({fixed points of g}).
This positive definite function for arbitrary nonfreemeasure-preserving actions of groups
was investigated by Vershik in [Ver11].
Note that rotations have no fixed points and the images of Ω by two different rota-
tions are orthogonal so that the rotation group by dyadic rationals acts as its regular
representation on the span of the orbit of Ω.
Consider the group F with the metric d(g, h) := Leb({x ∈ [0, 1] : g(x) 6= h(x)}).
This turns F into a topological group. The proposition of above shows that 〈pi(g)Ω,Ω〉 =
1− d(g, e) for any g ∈ F . This implies that the cyclic unitary representation ρΩA,B of F is
continuous (for the strong operator topology).
6.7. Canonical anticommutation relations: B = A∗.
The operator of creation of a single fermion is the 2 × 2 matrix a =
(
0 1
0 0
)
which
satisfies the canonical anticommutation relations (CAR) aa∗ + a∗a = 1 and a2 = 0. So
we may construct a Pythagorean representation with H = C2 and A = a,B = a∗. If
we let Ω be the vector (0, 1) ∈ H we see from the formula 3.4 and a2 = (a∗)2 = 0 that
〈pi(g)Ω,Ω〉 = 0 unless the pair of trees for g has a “zigzag”, i.e. a path that goes from
bottom to top starting to the left then alternating turning zero and right. In this case
〈pi(g)Ω,Ω〉 = 1. Thus the set FΩ of such pairs of trees defines the subgroup of F (and T )
that fixes Ω and the Pythagorean representation is induced from it.
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Proposition 6.7. The group FΩ < F just defined is the stabiliser of 13 for the action
of F on [0, 1] and the cyclic representation ρ generated by Ω is unitary equivalent to the
quasi-regular representation λF/FΩ : F y `2(F/FΩ).
Proof. The set of intervals indexed by the vertices of a zigzag path on a single tree is
precisely the set of standard dyadic intervals containing 1
3
. Thus any element of F sta-
bilising 1
3
must take a zigzag interval into another. Parity considerations show that the
two individual zigzags combine to form a full zigzag. Conversely if a pair of trees con-
tains a zigzag then the element of F maps a standard dyadic interval containing 1
3
to
another. If these intervals are the same it fixes 1
3
. If not, iterating either the transforma-
tion or its inverse produces shows that the transformation fixes 1
3
. Since the vector state
g 7→ 〈pi(g)Ω,Ω〉 is equal to the characteristic function of FΩ we obtain that ρ and λF/FΩ
are unitary equivalent. 
Following the same idea we can produce the quasi-regular representation λF/Fx where
Fx is the stabiliser of any real x ∈ [0, 1] for the usual action F y [0, 1]. Indeed, fix
x ∈ [0, 1] and a ray in the infinite rooted binary tree (whose vertices are identified with
standard dyadic intervals in the usual way) starting at the root such that x is in each
interval appearing in this path. Put L ⊂ N the set of k such that the kth edge of the ray
turns to the left and set similarly R for the right turns. Define the following operators
A,B ∈ B(N) such as
A :δk 7→ δk+1 if k ∈ L and 0 otherwise;
B :δk 7→ δk+1 if k ∈ R and 0 otherwise,
where (δn, n ∈ N) is the canonical basis of N. They form a Pythagorean couple and we
obtain that the cyclic component generated by δ0 is unitary equivalent to the quasi-regular
representation λF/Fx . We invite the reader to consult [GS18] for results concerning the
algebraic structure of this type of subgroups.
6.8. A and B projections.
Consider a Hilbert space H, a unit vector Ω ∈ H, and two projections A,B ∈ B(H)
satisfying the Pythagorean identity. Necessarily A and B commute and B = id−A. If t
is a tree, then the first (resp. last) component of Φ(t)Ω is equal to AΩ (resp. B(Ω)) and
all the others are equal to zero. Therefore 〈pi(g)Ω,Ω〉 = 1 if g ∈ F and zero otherwise
meaning that ρ, as a representation of T , is induced from the trivial representation of F .
6.9. Actions for F3: H = C.
Set H = C, A1 = 1/
√
2, A2 = 0, A3 = 1/
√
2, and consider the associated Pythagorean
representation of the Thompson’s group F3. Let C ⊂ [0, 1] be the Cantor ternary set and
write FC < F3 the stabiliser subgroup FC := {g ∈ F3 : gc = c,∀c ∈ C}.
Proposition 6.8. The stabiliser FΩ of the vacuum vector Ω = 1 is equal to FC.
Proof. In this proof we identify tryadic trees with standard tryadic partitions and leaves
with standard tryadic (closed) intervals. Consider a standard tryadic interval I ⊂ [0, 1]
and observe that its interior intersects C if and only if the path from the root to I in
the infinite rooted ternary tree has only left and right turns but no no-turns. In that
situation, we say that I "has no no-turns." Note that if I has at least one no-turn, then
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it intersects C only at its extremities. In particular, if I is a standard tryadic partition of
[0, 1], then C is included in the union of the I ∈ I such that I doesn’t have any no-turns.
Therefore, if g = JI ∈ F3 with I,J standard tryadic partitions of [0, 1], then g fixes each
point of C if and only if g is the identity when restricted to an interval I ∈ I without
no-turns. This means that the collections of intervals of I and of J that have no no-turns
are equals. Observe that
(Φ(I)Ω)I =
{√
2
log3(Leb(I)) if I has no no-turns
0 otherwise
.
An easy induction on the number of intervals in I together with this description of Φ(I)Ω
implies that Φ(I)Ω = Φ(J )Ω if and only if the collections of intervals of I and of J that
have no no-turns are equals implying FΩ = FC. 
6.10. Ai all multiples of mutually noncommuting projections.
Consider H = C2, the vector ξ1 = (1, 0) and its images under the rotations of angle
2pi/3 and 4pi/3: ξ2 = (1/2,−
√
3/2) and ξ3 = (1/2,
√
3/2). Consider pi the minimal
orthogonal projection onto Cξi and observe that p1 + p2 + p3 = 3/2 and that p1, p2, p3 do
not mutually commute. We set Ai :=
√
2/3pi for i = 1, 2, 3 which is a Pythagorean triple
with associated functor Φ and unitary representation (pi,H ). Since the pi are minimal
projections we have some nice reduction formulae for any words of them. A routine
computation gives us
pipjpi =
1
4
pi and pipjpkpi = −1
8
pi for any i 6= j 6= k 6= i.
Consider a tree t and write d(t, `) the distance from its `th leaf to its root. We have the
following formula for the `th component of the operator Φ(t):
(Φ(t))` =
√
2/3
d(t,`) ε
2a
pipjpk for some ε ∈ {−1,+1}, a ≥ 0, i, j, k ∈ {1, 2, 3}.
Consider the vacuum vector Ω := ξ1 and assume that pi(g)Ω = Ω for a fraction g = ts .
Since 〈pi(g)Ω,Ω〉 = 〈Φ(s)Ω,Φ(t)Ω〉 we have that Φ(t)Ω = Φ(s)Ω. We have Ω = p1Ω
and thus p1(Φ(t)Ω)` =
√
2/3
d(t,`) 
2b
Ω for some  ∈ {−1,+1}, b ≥ 0. We obtain that
d(t, `) = d(s, `) for any leaf ` and thus t = s implying that g = e is trivial.
Not all vectors of C2 have a trivial stabiliser. Consider the vector Ω = (0, 1) that is
orthogonal to ξ1 and thus A1Ω = 0. Let t′, s′ be two distinct trees with the same number
of leaves. Construct the tree t that is the composition of the unique ternary tree with
three leaves to which we attach t′ on its first leaf and construct similarly s. The fraction
g = t
s
is a nontrivial element of F3 that fixes the vector Ω.
6.11. Connes-Landi spheres.
Connes and Landi introduced a family of noncommutative spheres which produces
tuples of operators satisfying the Pythagorean equation [CL01]. We gratefully thank
Georges Skandalis for pointing out this very interesting class of examples. Consider a
n × n skew-symmetric matrix θ = (θkl)kl and put ρkl := e2piiθkl for any 1 ≤ k, l ≤ n.
The noncommutative (2n−1)-dimensional sphere twisted by θ is the universal C*-algebra
C(S2n−1θ ) generated by n normal elements A1, · · · , An satisfying the Pythagorean equality∑n
k=1A
∗
kAk = id and such that AkAl = ρklAlAk for any 1 ≤ k, l ≤ n.
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We consider an easy case with n = 2 and when (A,B) satisfies the relation of the
noncommutative torus as follows: let H = L2(S) be the Hilbert space of L2-function on the
circle and consider the operators Af(z) = zf(z)√
2
, Bf(z) = f(λz)√
2
for a fixed complex number
λ of modulus one and for any f ∈ L2(S) and almost every z ∈ S [Con80, Rie81]. Using the
Fourier transform we obtain the following description: H = `2(Z), Aδn = 2−1/2δn+1, Bδn =
2−1/2λnδn,∀n ∈ Z.
Put Ω := δ0 and consider a tree t with n leaves. Denote by d(t, j) the distance between
the root of t and its jth leaf and L(t, j) the number of left turns from the root to the jth
leaf in t. Observe that the jth component of the vector Φ(t) is equal to the following:
(Φ(t)Ω)j =
λR(t,j)
2d(t,j)/2
δL(t,j),
where R(t, j) is a natural number depending on t and j. This gives us a formula for
computing coefficients. If s, t are trees with n leaves and g = t
s
∈ F , then
〈pi(g)Ω,Ω〉 = 〈Φ(s)Ω,Φ(t)Ω〉 =
n∑
j=1
λR(s,j)−R(t,j)
2(d(s,j)+d(t,j))/2
〈δL(s,j), δL(t,j)〉.
Note that if g stabilises Ω, then necessarily d(t, j) = d(s, j) for any j implying that t = s
and thus g = e.
Limit of the rotations. Since we are considering a noncommutative version of the torus
we could hope that the rotation is continuous. Unfortunately this is not the case. Consider
the full binary tree tn with 2n leaves and rn ∈ T the one click rotation corresponding to
the rotation by angle 2−n. Consider the vacuum vector Ω = δ0 and observe that
|〈pi(rn)Ω,Ω〉| ≤
2n∑
j=1
|〈(Φ(tn)δ0)j, (Φ(tn)δ0)j+1〉|
=
|{1 ≤ j ≤ 2n : L(tn, j) = L(tn, j + 1)}|
2n
.
Note that if λ = 1, then the previous inequality is in fact an equality. The right hand
side is equal to the probability of two consecutive words for the lexicographic order of
length n in an alphabet of two letters a, b to have the same number of occurrences of
the letter a. Observe that two consecutive words of length n have the same number of
occurrences of a if and only if they are as follows: x1 · · ·xn−2ab and x1 · · ·xn−2ba with
x1, · · · , xn−2 ∈ {a, b}. This implies that |〈pi(rn)Ω,Ω〉| ≤ 1/4 for any n. Therefore, the
sequence of rotation of (pi(rn))n does not tend to the identity even for the weak operator
topology.
When λ = 1, then B = 1√
2
and thus A∗B = A∗ commutes with A,B,A∗, B∗. The
analysis of Section 4.2 implies that pi(rn) tends for the weak operator topology to [x] where
x = A∗B(1 − B∗A)−1 = S∗
2
+ 1
4
+
∑∞
m=1
Sm
2m+2
where S is the shift unitary operator. We
find that limn〈pi(rn)Ω,Ω〉 = 14 for Ω = δ0 which corroborates our previous computation.
7. Cuntz algebra
The Cuntz algebra On is the universal C*-algebra with generators S1, · · · , Sn subject
to the relations:
∑n
i=1 SiS
∗
i = id and S∗i Sj = δi,j id for any 1 ≤ i, j ≤ n where δi,j is
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the Kronecker delta, see [Cun77]. In particular, On is a quotient of the C*-algebra Pn of
Definition 1.1 and thus any representation of On defines a representation of Pn.
The next proposition shows that in fact any representation of Pn can be dilated to a
representation of On and conversely a compression of a representation of On by a well-
behaved projection provides a representation of Pn. We are grateful to Anna Marie
Bohmann and Ruy Exel for enlightening discussions which led to this result, in particular
the dilation construction is an adaptation of a category theoretic construction of Bohmann.
Proposition 7.1. If α : Pn → B(H) is a representation, then there exists a larger Hilbert
space H ⊃ H and a representation β : On → B(H ) such that pβ(Si)p = pβ(Si) = α(Ai)∗
for any 1 ≤ i ≤ n, where p is the orthogonal projection onto H.
Conversely, if β : On → B(H ) is a representation and p ∈ B(H ) a projection sat-
isfying pβ(Si)p = pβ(Si) for any 1 ≤ i ≤ n, then the map Ai 7→ pβ(Si)∗p extends to a
representation of Pn on pH .
Proof. We prove it for n = 2 but the argument generalises easily. Consider a represen-
tation α : P2 → B(H) defining a Pythagorean pair (A1, A2). As usual, denote by H the
inductive limit of the Ht associated to (A1, A2). If s, t are trees, then we write s + t for
the tree obtained by attaching s (resp. t) to the left (resp. right) leaf of the tree f1,1 with
two leaves. If (s, ξ) ∈ Hs, (t, η) ∈ Ht we form the vector (s+ t, ξ ⊕ η) in Hs+t. Define the
operators
C1 :H →H , (s+ t, ξ ⊕ η) 7→ (s, ξ) and C2 :H →H , (s+ t, ξ ⊕ η) 7→ (t, η).
They are well defined on the Hilbert space limit H and satisfy
C∗1(s, ξ) = (s+ t, ξ ⊕ 0) and C∗2(t, η) = (s+ t, 0⊕ η), ∀s, t ∈ T, ξ ∈ Hs, η ∈ Ht.
We obtain that
CiC
∗
j = δi,j id and C
∗
1C1 + C
∗
2C2 = id .
Therefore, the map Si 7→ C∗i extends to a representation β : O2 → B(H ). Moreover, one
can check that pCip = Cip = Ai for i = 1, 2.
The converse is obvious. 
We deduce that any Pythagorean representation can be obtained via a representation
of the Cuntz algebra as follows.
Consider a representation β : On → B(H ) giving a Pythagorean representation
(piβ, Hβ) with functor Φβ. The maps Φβ(fi) are invertible implying that the direct limit
Hilbert spaceHβ is naturally identified with the original Hilbert spaceH via the following
unitary transformation
Uβ : Hβ →H , (t,⊕`ξ`) ∈Ht 7→
∑
` a leaf of t
(At`)∗ξ`,
so there are universal representations σ of Fn and Tn inside On obtained by using Ai = S∗i
in the formula 3.3 and sending
t
s
to
∑
` Bt,s` ∈ On. This embedding of Thompson’s group
Tn inside the unitary group of On was discovered by Nekrashevych [Nek04]. Hence, for
each representation β : On → B(H ) we have a representation of Thompson’s group Tn
on H given by β ◦ σ. Note that we have the equality
β ◦ σ = Ad(Uβ) ◦ piβ.
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Consider a Pythagorean n-tuple (A1, · · · , An) acting on H and with representation (piA,H )
of Tn. Let β : On → B(H ) be the representation constructed in the proof of Proposition
7.1 satisfying pβ(Si)∗p = pβ(Si)∗ = Ai where p : H → H is the orthogonal projection
onto H. This provides a functor Φβ and another unitary representation (piβ, Hβ) of Tn. A
careful check shows that
piA = Ad(Uβ) ◦ piβ = β ◦ σ.
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